Abstract. It is shown that if a locally finite-dimensional simplicial complex is given the "barycentric" metric, then its product with any Fréchet space X of suitably high weight is a manifold modelled on X, provided that X is homeomorphic to its countably infinite Cartesian power. It is then shown that if Jfis Banach, all paracompact A'-manifolds may be represented (topologically) by such products.
In [20] it was established that the product of a separable, infinite-dimensional, Fréchet space and a locally finite simplicial complex is always a paracompact manifold modelled on the Fréchet space. Previously, David Henderson had shown (combining results of [10] and [11] ) that each paracompact manifold modelled on a separable, infinite-dimensional, Fréchet space is homeomorphic to the product of that space with a locally finite simplicial complex, so this characterized the products of locally finite, simplicial complexes with separable, infinite-dimensional, Fréchet spaces as precisely the paracompact manifolds modelled on these spaces. In this paper, attention is primarily given to simplicial complexes which are not necessarily locally compact but are given complete metrics and to Fréchet spaces which are not necessarily separable. It is proved (Theorems 3, 4) that if AT is a simplicial complex which is locally finite-dimensional and is given the metric derived from barycentric coordinates (as if the complex were embedded piecewise linearly in a Hubert space with its vertices all mutually orthogonal and on the unit sphere), then its product with any Fréchet space of suitably large weight which is homeomorphic to its countably infinite Cartesian power is a manifold modelled on that space.
In addition, it is shown, using two other results of Henderson and a suggestion due to him and Israel Berstein, that (Theorem 5) all manifolds which are paracompact and modelled on a Banach space which is homeomorphic to its countably infinite Cartesian power are homeomorphic to products of that space with metric, locally finite-dimensional, simplicial complexes. This leads in turn to a result (Corollary 2) on the splitting of a Banach manifold into the product of a closed submanifold and a Fréchet space when it has the homotopy type of a complex of less weight than the space upon which it is modelled (provided that that space is homeomorphic to its countably infinite Cartesian power). The possibility of obtaining Theorem 5 from something on the order of Theorem 4 was suggested to the author by David Henderson.
Uniform approximations to complete metric spaces. Here the notions of "interior approximation", and "y-approximation" developed in [20] for the context of compact metric spaces, are extended to complete metric spaces. This is achieved by the expedient of requiring all functions involved to be uniformly continuous. The proofs of Theorems 1 and 2 here are descendants of those given in [20] for Theorems 4.1 and 4.2, respectively.
The term "uniform isomorphism" will here be used to mean "homeomorphism which is uniformly continuous and has a uniformly continuous inverse." "Uniform embedding" will mean "embedding which is a uniform isomorphism onto its image."
If Xand Fare complete metric spaces, a uniform interior approximation to Xby Y is a sequence {Qf= i of uniform embeddings of Y in X satisfying (1) for each positive number e there is a positive number « such that i>n implies £i( Y) is e-dense in X, (2) there is a complete metric space M and a uniform embedding a of I in M such that (3) for each positive number e and for each positive integer f, there is a uniform embedding ßStl of ^ in Af with d(ße<i(x), a(x))^2_í for all xinl which has the property that (4) for each positive integer/ there is a uniform isomorphism y£tiJ of a o £¡ (7) onto ]8e>i ° £i+3(F) with d(ySJJ ° a ° Uy), a ° Uy))^e for all y in Y.
(Here and later, all metrics will be denoted by "d".) If X and Y are compact, M may be taken to be the Hubert cube. It was shown in [20] that in this case the existence of a uniform interior approximation to X by Y is sufficient to imply that X and Y are homeomorphic. The author does not have an analogue to Lemma 4.1 of [20] in the present case, however, and the iterativity condition defined next serves in its stead.
Let P denote the positive real numbers, N the positive integers, and S the set of all sequences of members of P x N. A uniform interior approximation £ to X by Y will be said to be iterative if there is a complete metric space M and a choice, for each (a, ri) in Sx.N, of a subsequence Cn={Cn,i}isw of £ and embeddings «cnAßa.n.eAe.nepxN, and {ya,n,e.iAe.i.i)ePxNXN in M satisfying (l)-(4) for £ff>ri together with (i) £(r,n+i is a subsequence of £",", (Ü) <*<,.n + l=ßo.nMn), and (iii) if o(i) = r(i) for i=l,...,n, then the choices are identical for (a, i) and (t, i) when l¿i¿n. Proof. Let £ be an iterative uniform interior approximation to X by Y, and let M and {aa¡n}SxN, {ft,Mii}Sx»xfx», and {y,,,*,e.i.i}sxàxPxiixN be chosen to satisfy iterativity. Let £i=i, e2 = \, and ix= 1. Choose ax in S so that o-1(l) = (^, 1). Let i2>h be a positive integer satisfying the inequality i2 > 2-log2 (inf {d(a"lA(x), a"lA(x')) | (x, x') e X; d(x, x') ^ ¿}). Now select a2 in S with a2(n) = (en, in), n = l,2. Letj2 in N be such that Ígui,t1+ia -tff2,2.i2.
Define inductively sequences {£n}™=i, {/»}"= i> {CTn}"=i! and {/,}"= 2 of members of P, AT, 5, and N, respectively, satisfying (a) eu e2, j'i, is, <7i, a2, and j2 are as selected above,
.,«+1, and (e7 »»n.n.U + ia+i = bcr" + l.n + l.in+1. Now the sequences <r={(£n, zn)}"eW and {jn}neN define sequences {/n=^,".<7(n)}new and {g"=y<,,",<,<"),,"+ 1 "• ■ ^Vc.iMD.h ° a».i ° Wm* of embeddings of X and T, respectively, in M. These, in fact, converge uniformly to uniform isomorphisms onto the same subset of M. First, {fn}neN and {g"}"eN are uniformly Cauchy because of the initial restrictions of (b) and (c), respectively, together with (3) and (4), respectively. Hence, they converge to uniformly continuous functions / and g from X and Y into M, respectively. However, the second inequalities of (b) and (c) guarantee that/and g are uniform embeddings.
Second, f(X) and g(Y) are dense in each other. This may be seen as follows:
For each e in P, there is an nx in N such that n ^ ny implies d(f(x), fn(x)) < e/5 and d(g(y), gn(y)) < e/5 for each x in Zand y in Y. Because fH is a uniform embedding, (1) gives an n2 in N with «2 §«i such that n^n2 implies fni ° £"(T) is c/5-dense in fni(X). Also, there is an «3 in N, n3 ^ n2, such that £"3 = í",n2,ín2-Now, if x e X, then [April there is a ye Y such that d(fni(x),fni ° ln3(y))^e/5, and since gn2(Y) =/n2 ° £<7,n2.i"2(í'), there is a y'in Y with gn2(y')=fn2 o ta irí2,ln2(y). Then
+d(gn2(y'),g(y')) < £/5 + £/5 + 2e/5 + 0 + e/5 = e, so g(Y) is dense in f(X). On the other hand, as gn(Y)^fin(X) for each « and {gn/neN converges uniformly to g while {fn}neN converges uniformly to / f(X) is dense in g( Y).
Finally, since/and g are uniform embeddings of complete metric spaces, their images are closed, hence equal, so/"1 ° g is a uniform isomorphism of Y onto X.
If A' and Y are complete metric spaces, a closed subset Z of Xx Y will be called a uniform Y-approximation to X provided that there exists a complete metric space M and, for every e in P, a uniform embedding g£ of Xx Y in ZxM<=Xx YxM with, for each xinlxf, aX/?i ° ge(x), p,(x)) ^ s such that if gE = (j>,°ge° ip" p2), /?¡ is the projection onto the /th factor, and Z is always regarded as a subset of Xx Y. The metric on finite products will always be the sum of the coordinate metrics. In the following, infinite products of complete metrics appear, and it will be convenient to make the convention that given a collection {An}neN of metric spaces with uniformly bounded diameters, the metric for YlneN An will be given by 
If ie, i,j) is in PxNxN, then for jina» £((Zx y°°),
+ dia ( y2W(M) + a/) + dia (Mk(Sti)) < 2-k(.e.i)^.2~k'-e-n + 2~k'-e,n = 3.2~kie'n < e. Therefore, following the parenthetical remark after the definition of ßCii, ße-i o £i+y(Zx y°°) is the image under the application of £2-w*.° in the X and r2( coordinates, moving into the Mk(e¡t) coordinate, of a o £2W£>i) + 2j(Zx Y°°), which is also the image under the application of Äa-«M>~X to the Z, Y2i, and Y2kie¡i)+2j coordinates, moving into the MkUti) coordinate, which function is ye¡ij.
In order to demonstrate the iterativity of £, let r: Xx Yx xMx ^-Xx 7"°x {(«t, m,...)} be the obvious retraction, and for / in N, let irt: Xx y°° xM* -» Xx í"° x[]Wi M¡ be the projection off the M¡ coordinate. Now let v. PxNxN-> Nand r¡: PxNxP^P be functions such that (1) for x and y in
■n ( 
Then with a(,i2=r9aa) and £<7,2 = {£V(a<i>,i>}ieAr> this choice satisfies (l)- (4) and (i)- (iii) (with 7i = l, 2). An induction completes the construction. Since £ is an iterative uniform interior approximation to Xx y°° by Zx y°°, Theorem 1 applies to finish the proof.
Some technical lemmas. In the following, proofs are abbreviated to constructions, since the verifications that the constructions do work are straightforward.
Let 7™=]!«^ [0, l]i and denote by ^(7°°) those homeomorphisms of 7*° onto itself which preserve pr x(0) for each i e N. For any space X, let ^(X) be the functions from X into itself; if X is a uniform space, let ^l(X) denote the uniform isomorphisms of X onto itself. If {7}¡}ie¡v is any countably infinite collection of Banach spaces, let v. Proof. This, as Lemma 2, is a generalization of a result in [1] . The proof is analogous to that in [1] except for one or two points.
Let {Jm}meM be a collection of pairwise disjoint infinite subsets of J\M, and denote the members of Jm by jim, i), where jinx, f)i£i for all m. The family {QseA u {£~ 1}seA is uniformly equicontinuous, and there is a collection {8i}iEwc(0, 1) such that for x in pï1 ° a~1(Ws + s), £s(x) is in as~1(8ilivs4-i') xE[i>i SjPj. Let y=Ar\{l} and M={2i}ieN, and select, by Lemma 3, a uniform isomorphism 95 of YJieN B¡ onto itself such that p1 ° <p=Pi,p2i ° <p(pï1(S1)) = 0 for all 1 in tY, and there is a collection {«2i + i}¡ew<z(0, 1) for which p2i + i° 9(pî1(S1)) <= £2j +1 • 2?2i + ! for all / in A7. Let /3 e ^(riiew Bi) be the function which exchanges the 2ith-and (2i -l)thcoordinates for each i, and denote by p0 and pe the projections of fTiew Bt onto is uniformly equicontinuous, the desired family of uniform isomorphisms may be had by setting Xs = his~1 ° is-1 ° £s_1 ° 9'1 ° ^s'1 ° 8* ° ß ° 9 ° is ° is ° h-k for each s in A. (This sort of extension procedure is due to V. L. Klee [13] in Hubert spaces and has been elaborated upon by several authors, [1] , [3] , [8] , and [18] .)
Main theorems. In a metric space, a set A will be called uniformly separated if there is a positive lower bound on the distances between pairs of points of A. The symbol C(A) will denote the cardinality of A, and if Kis a simplicial complex, c(K) will denote the least upper bound of {C(st (v, K)°) | v e K°}. The weight wt (£) of a metric space E is the greatest lower bound of the cardinalities of dense subsets of E. It is not difficult to show that when E is an infinite-dimensional Hubert space, then wt (E) = dim (Tí), and if E is an infinite-dimensional Banach space, then it is of the same weight as its unit sphere. In fact, it is a theorem of A. H. Kruse [14] that in the latter case, there is a uniformly separated subset of the unit sphere of E which has cardinality equal to wt (E). Finally, defining a locally finite-dimensional simplicial complex to be one in which each point lies in a finitedimensional neighborhood, we have that this is equivalent to the requirement that the star of each vertex be finite dimensional. Theorem 3. Let K be a metric, locally finite-dimensional, simplicial complex and E, a Banach space homeomorphic to its countably infinite Cartesian power. If c(K) ^ wt (7s), then KxE is an E-manifold.
Proof. With B denoting the unit ball of E, it is sufficient to demonstrate that K x YiieN Bi is a n¡eN 7írmanifold, for by a theorem of Bessaga and Klee [6] (see note added in proof), each infinite-dimensional Fréchet space is homeomorphic to each of its closed convex bodies. Thus, E is homeomorphic to B and to YJieN Eu so it is homeomorphic to TIíen B¡. A second reduction of the problem is made by working with the vertex-stars of K, so it is sufficient to assume that K is finite dimensional and the star of one of its vertices v0. The proof proceeds by induction on the dimension of K.
The case that dim (K)=0 is trivial, since then AT={fj>0}. Assume then that « e Af and that for any («-l)-dimensional, metric, simplicial complex L which is the star of one of its vertices, L x YJieN B¡ is uniformly isomorphic to T~[ieN B¡ if the cardinality of L° is no greater than that of K°. Now for any metric, «-dimensional simplicial complex M which is the star of one of its vertices v0 and which has no more vertices than K, there is a uniformly separated subset A of the unit sphere of B with the cardinality of the set of «-dimensional simplices of M. (This is because unless K is {v0}, E must be infinite dimensional, in which case if K has only finitely many vertices, the complex under consideration has at most finitely many «-simplices, and the unit sphere of B is not totally bounded. Otherwise, if K has infinitely many vertices, the cardinality of the «-simplices of M cannot exceed that of the vertices of K. if />i °7>ito e U Ans\st (»0, A7»-1).
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The desired uniform isomorphism «c is then p, ° a{ o y. o ß o /?. This establishes that Z is a uniform flieN ^-approximation to Af, so, by Theorem 2, Z x nieiv Bt-which is uniformly isomorphic to Z-is uniformly isomorphic to M x YIihn Bt. To complete the proof, all that is necessary is to observe that Z is uniformly isomorphic to TlieN Bi. This is easy, for there is a family of uniform isomorphisms The Bartle-Graves Theorem [4] shows that because pk o T is a linear map of F onto Ek, there is a homeomorphism from F to Ekxker (pk ° T). (Actually, the statement and proof of this theorem in [4] have nothing to do with nonnormable Fréchet spaces, but the simplified statement and proof of that part needed here [15, (3. 2"(a) => (b))] is easily verified for Fréchet spaces.) As F is by hypothesis homeomorphic to its countably infinite Cartesian power, it is homeomorphic to the product of some Fréchet spaces with countably infinitely many copies of Ek.
Theorem 3 shows that the product of K with countably infinitely many copies of Ek (or F, if F is a Banach space) is a manifold modelled on the product of those copies of Ek (or F). Thus, KxF is a manifold modelled on F. Proof. If K is a simplicial complex with the weak topology which is not locally finite-dimensional, then consider the space M=(JneN(Kr>x[n,co)).
When triangulated and given the weak topology, Af is a locally finite-dimensional complex. Furthermore, the projection p : Af -> K is easily seen to be a weak homotopy equivalence and, hence, by a theorem of J. H. C. Whitehead [21], a homotopy equivalence. Also, it is immediate that c(M)^c(K). The proof is completed by a theorem of Dowker [9] which says that under the metric topology, this set, called L, has the same homotopy type as Af. Of course, if K is locally finite-dimensional, then L may be taken to be the set K given the metric topology.
Theorem 5. If E is a Banach space homeomorphic to its countably infinite Cartesian power and M is a paracompact manifold modelled on E, then M is homeomorphic to the product of E with a metric, locally finite-dimensional simplicial complex.
Proof. It is sufficient to examine the case that Af is connected. Each paracompact Banach manifold is dominated by a simplicial complex (weak topology) [16] . Also, for any arcwise connected space, there is a simplicial complex (weak topology) weakly homotopy-equivalent to it (namely, a triangulation of the realization of its singular complex) [19] . Let Af be a simplicial complex dominating Af. It may be assumed that C(N°)^wt (Af), because all that is required is the existence of two maps f: M-+ N and g: N'-> M such that g of is homotopic to the identity, and the smallest subcomplex of/^containing/(Af) will do. (There can then be no more simplices of N than wt (Af ), and hence no more vertices than wt (A/).) Also let Kx be a simplicial complex (weak topology) which has the same weak homotopy type as M. A theorem of J. H. C. Whitehead [21] shows that Kx must be homotopyequivalent to Af. Now, the method used by Whitehead in the proof of Theorem 24 of [22] to establish that an arcwise connected space dominated by a countable CW-complex has the homotopy type of a countable CW-complex immediately shows that there is a subcomplex K2 of Kx of the homotopy type of Af which has no more than wt (Af ) simplices. The application of Lemma Proof. If X = wt (E), then F2 may be E, for i= 1, 2, and the proof reduces to that of Theorem 5.
If X < wt (E), let E' be a closed, linear subspace of E with weight equal to X. Now, consider a countably infinite set {E^isN of copies of E and in each let F,' be a copy of E'. Let Ft = I~IieN E[ and F2 = (n,eN F,)/Fi. Then E is homeomorphic to If X is not the least upper bound of a countable set of lesser cardinals, then L x Fi is, by Theorem 4, an Fj-manifold, where L is a metric, locally finite-dimensional, simplicial complex of the same homotopy type as K with c(L) S c(K). On the other hand, if X is the least upper bound of a countable set of cardinals less than it, then the method used in the proof of Theorem 5 shows that L may be chosen to satisfy (c) of Theorem 4 with respect to Fx.
As L x Fi is an Fj-manifold, (L x Fx) x F2 is an F-manifold and homeomorphic to Af by [12] .
A restatement of the above is Corollary 2'. Let E be a Banach space, and denote by F the countably infinite product of E with itself. If M is a paracompact manifold modelled on F with the homotopy type of a simplicial complex K with c(K) £ wt (F), then there is a closed submanifold N of M modelled on a closed subspace F, of F such that M is homeomorphic to Nx(F/F,) and wt (F,) = c(K). Corollary 3. If E is a Banach space homeomorphic to its countably infinite Cartesian power, then each paracompact E-manifiold M with the homotopy type of a countable simplicial complex is homeomorphic to the product of E with a closed, separable, Hilbert submanifold of M.
Proof. By Lemma 6, there is a metric, locally finite-dimensional, countable, simplicial complex L such that L has the homotopy type of M, and by Theorem 4, L x E is a manifold. Henderson's theorem [12] yields that it is homeomorphic to M.
Let F be a separable, infinite-dimensional, closed linear subspace of E. The Bartle-Graves Theorem [4] shows that E is homeomorphic to Fx(E/F). Now, all separable, infinite-dimensional, Fréchet spaces are homeomorphic to a Hilbert space 77 [2] , so E is homeomorphic to Hx(E/F). By Theorem 4, Lx 77 is an 77-manifold, so M is homeomorphic to (LxH)x(E/F), and this homeomorphism identifies L x 77 with the inverse image of (LxH)x {0}-a closed submanifold of Af.
